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GAUSS-MANIN SYSTEMS, BRIESKORN LATTICES 
AND FROBENIUS STRUCTURES (II) 

by Antoine Douai & Claude Sabbah 


Dedicated to Yuri Martin 

Abstract. — We give an explicit description of the canonical Frobenius structure at¬ 
tached (by the results of the first part of this article) to the polynomial /(wo,..., u n ) = 
wquq + •••-(- WnUn restricted to the torus U = {(wo, • • •, Un) E C 71- * -1 | Lb u“ r = 1}, 
for any family of positive integers wo ,..., w n such that gcd(w;o, • • •, w; n ) = 1. 

Resume (Systemes de Gauss-Manin, reseaux de Brieskorn et structures de Frobenius 

m 

Nous donnons une description explicite de la structure de Frobenius associee (par 
les resultats de la premiere partie de cet article) au polynome /(wo, • • •,w n ) — w;owo + 

• • • + w n u n restreint au tore U = {(wo,..., w n ) £ C 71- * -1 | Lb = 1} pour toute 
famille de poids w;q, ..., w n tels que pgcd(w;o, ..., w n ) = 1 . 


1. Introduction 

l.a. This article explains a detailed example of the general result developed 
in the first part [3]. We were motivated by [1], where S. Barannikov describes a 
Frobenius structure attached to the Laurent polynomial f(uo ,..., u n ) = uq + 
• • • + u n restricted to the torus U = {(^o, • • •,%) £ C n+1 | Yii u i = 1}> an d 
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shows that it is isomorphic to the Frobenius structure attached to the quantum 
cohomology of the projective space P"(C) (as defined e.g., in [5]). 

We will freely use the notation introduced in the first part [3]. A reference 
like “§I.3.c” will mean [3, § 3.c]. 

In the following, we fix an integer n ^ 2 and positive integers vjq, ..., w n such 
that gcd(u> 0 , • • •, w n ) = 1. It will be convenient to assume that Wq ^ ^ w n . 

We put 

n 

(1.1) p := ^ Wj. 

2=0 

We will analyze the Gauss-Manin system attached to the Laurent polynomial 

f(ui, ...,u n ) = w 0 u 0 + W 1 U 1 H- Vw n u n 

restricted to the subtorus XJ C (C*) n+1 defined by the equation 

The case p = n + 1 (and all w z equal to 1) was considered in [1], We will 
not need any explicit use of Hodge Theory, as all computation can be made 
“by hand”. We will use the method of §I.3.c to obtain information concerning 
the Frobenius structure on any germ of universal deformation space of /. As 
we have seen in [3], we have to analyze with some details the structure of the 
Gauss-Manin system and the Brieskorn lattice of /. 

l.b. Fix a Z-basis of { JA WiXi = 0} C Z ra+1 . It defines a (n+ 1) x n matrix M. 
Denote by m o,..., m n the lines of this matrix. We thus get a parametrization 
of U by (C*)" by putting iq = v mi for i = 0,..., n and v = (rq,..., v n ). The 
vectors ?tio, ..., m n are the vertices of a simplex A C Z”, which is nothing but 
the Newton polyhedron of / when expressed in the coordinates v. Notice that 
the determinant of the n x n matrix (mo ,... ,mi,, m n ) is ±Wi. 

Lemma 1.2. — The Laurent polynomial f is convenient and nondegenerate 
with respect to its Newton polyhedron. 

Proof. The nondegeneracy follows from the linear independence of any n 
distinct vectors among m o,..., m n . Clearly, 0 is contained in the interior of A. 

□ 

We know then that / is M-tarne (cf. §1-4) and we may therefore apply the 
results of §1.2 to f. An easy computation shows that / has p simple critical 
points, which are the £(1,..., 1) with f 11 = 1, and thus p distinct critical values 
pf. We hence have p(f) = p. 
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l.c. Denote by S w the disjoint union of the sets 

{tp/wi | £ = 0,..., Wi - 1} C Q. 

Hence jjS VJ = p. Number the elements of S w from 0 to p — 1 in an in¬ 
creasing way, with respect to the usual order on Q. We therefore have S w = 
{s„,(0),..., s w (p — 1)} with s w (k) ^ s w (k + 1). In particular, we have 

s w (0) = • • • = s w (n ) = 0, s w (n + 1) =---< n + 1. 

max, Wi 

Moreover, using the involution £ i—> wt — £ for £ ^ 1, one obtains, for k ^ n + 1, 
the relation 


(1.3) s w (k) + s w (p + n ~ k) = p. 

We consider the function <j w : {0,..., p — 1} —> Q defined by 

(1.4) a w (k) = k - s w (k). 

Hence a w (k) = k for k = 0,... ,n. That s w (») is increasing is equivalent to 

(1.5) Vfc = 0,1, a w (k + 1) < <J w (k) + 1, 

where we use the convention a w (n) = cr u ,(0) = 0. We will prove: 

Theorem 1. — The polynomial Y[k=xj{S + a w (k)) is equal to the spectral poly¬ 
nomial SPf(S) attached to f (cf. §I.2.e). 


For instance, if we take the Laurent polynomial f(uo ,... ,u n ) on the torus 
n u i = 1) *-e., wo = ■ ■ ■ = w„ = 1, we get SP/(S) = nr=o(^ + ^)- 

Notice that the symmetry property (1.3) is a little bit more precise than 
the symmetry of the spectrum (cf. [9]), which would say that, for any j E 
{0, • • •, n}, 

#{fc | a w (k) = j} = #{fc | a w (k) = n- j}. 


Indeed, for k E {n+ 1,1}, (1.3) means that a w (k) + cr w (n + n — k) = n 
and we clearly have cr w (k) + a w (n — k) = n for k = 0,..., n. 


l.d. Consider now the two p, x p matrices 


(1.6) Aoo = diag (cr„,(0),... ,a w (p — 1)), A 0 =p 


/o 

1 0 
0 1 0 


1\ 

0 

0 


\0 ••• 0 10 / 


Notice that Ho is semisimple with distinct eigenvalues p(j, where (j is a /r-th 
primitive root of 1. In the canonical basis (eo, •.., e M _i) of the space on 



4 


A. DOUAI & C. SABBAH 


which these matrices act, consider the nondegenerate bilinear form g defined 

by 

! f if 0 ^ k < n and k + £ = n, 

[^orifn+l^/c^/z—1 and k + £ = /z + n, 

0 otherwise, 

with respect to which A ^ satisfies A ^ + t A 00 = n Id. The data (A 0 , A^.g, eo) 
define (cf. [4, Main Theorem p. 188], see also [5, §11.3] or [10, Th. VII.4.2]) a 
unique germ of semisimple Frobenius manifold at the point (/z, /z£,..., /zC^ -1 ) G 
CL 

The main result of this article is then: 

Theorem 2. — The canonical Frobenius structure on any germ of a universal 
unfolding of the Laurent polynomial f(uo ,..., u n ) = JT WiUi on U, as defined 
in [3], is isomorphic to the germ of universal semisimple Frobenius structure 
with initial data (Aq, Aloo, <?, eo) at the point (/z, gf, ..., gC,^ 1 ) £ C M . 

Remark. — It would be interesting to give an explicit description of the 
Gromov-Witten potential attached to this Frobenius structure. 


2. The rational numbers cr w (k) 

Let us be now more precise on the definition of s w (k). Define inductively 
the sequence ( a(k ), i(k)) £ N" +1 x { 0 ,..., n} by 

a (0) = (0,..., 0), *(0) = 0 

a(k + 1) = a(k) + l,(fe), i(k + 1) = min{z | a(k + 1 )i/wi = min/ a(k + l)j/wj}. 

It is immediate that |a(fc)| := a (k)i = k and that, for k ^ n+ 1, we have 
a(k)i = 1 if i < k and a(k)i = 0 if i ^ k. In particular, a(n + 1) = (1,..., 1). 


Lemma 2.1. The sequence ( a(k),i(k )) satisfies the following properties: 

(1) for all k £ N, < a{k + 1)i(fc+1) < a{k)m + 1 , 

^i(k) 1 ) ^i(k) 

(2) a(/z) = (wo, ■ ■ ■ ,w n ) and for all k £ { 0,... ,/z — 1}, we have a(k)gj^ ^ 


^i(k) 


- 1 , 


(3) the map {0, ...,/z - 1} -> U i=0 {0, • • • > w i — 1}, defined by k h-> 
[i(k),a(k)i(k)\ is bijective. 

(4) For £ £ N, we have i(k + £g) = i(k) and a(k + £g)i (*,) = £wgk) + a(/c)i(fc)- 


We will then put s w (k) := ga(k)gk)/ w i(k). We have s w (k + £g) = £g + s w (k) 
for <eN. 



GAUSS-MANIN SYSTEMS AND FROBENIUS STRUCTURES (II) 


5 


Proof 

(1) By induction on k. If i{k + 1) = i(k), the result is clear. Otherwise, 
we have a(k + l)i(k+i)/Wi(k+i) = a(k)»(k+i)/w»(fc+i) and the first inequality 
follows from the definition of i(k). Similarly, the second inequality is given by 
the definition of i{k + 1). 

(2) Let us first remark the implication 

a(k)j ^ Wj V j and {j \ a(k)j < Wj} ^ 0 => a(k + 1 )j ^ Wj V j. 

[Indeed, from the assumption we have a(fc);< w i(k)i hence a(k + 1 )i(k) = 
a (k)i(k) + 1 ^ tOj(fc). For j ^ i(k), a{k + 1 )j = a(k)j ^ Wj.] Therefore, there 
exists ko such that a(ko) = (too, ..., w n ). Then ko = |a(fco)| = n. Moreover, by 
what we have just seen, we have a(k)< Wi(k) f° r k < /x. 

(3) The map does exist, after (2), is clearly injective, therefore bijective as 
the two sets have the same number of elements. 

(4) We have a(/z) = (wq, ... ,w n ), so that i(fx) = 0, and we may apply the 

reasoning of (2) for k = fj, t ..., 2fi — 1, etc. □ 

Remark 2.2. — In general, the numbers s w (k) are rational. These are inte¬ 
gers (hence the spectrum of / is integral) if and only if the following condition 
holds: 

(2.3) Vi, Wi | n = w 0 +- \-w n . 

Consider the simplex A (w) in R n obtained as the intersection of the hyper¬ 
plane % = { Y^'i=o WiXi = 0} C R” +1 with the half spaces x » ^ —1. Fix also 
the lattice < Ky J = H nZ ra+1 . Then Condition (2.3) is ecjuivalent to the condition 
that the vertices of A (w) are contained in the lattice dfz- In other words, A (to) 
is a reflexive simplex in the sense of Batyrev [2]. For instance, if n = 3, one 
finds the following possibilities for to, (up to a permutation): 


Wo 

Wl 

W2 

W3 

V 

1 

1 

l 

l 

4 

1 

1 

l 

3 

6 

1 

1 

2 

2 

6 

1 

1 

2 

4 

8 

1 

2 

2 

5 

10 

1 

1 

4 

6 

12 


Wo 

Wl 

W2 

W3 

H 

1 

2 

3 

6 

12 

1 

3 

4 

4 

12 

1 

2 

6 

9 

18 

1 

4 

5 

10 

20 

1 

3 

8 

12 

24 

2 

3 

10 

15 

30 

1 

6 

14 

21 

42 
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For n = 4, here are some examples (maybe not complete): 


Wo 

W\ 

W2 

W 3 

W4 

A 4 

1 

1 

l 

l 

2 

6 

1 

1 

2 

2 

2 

8 

1 

1 

1 

1 

4 

8 

1 

1 

1 

3 

3 

9 

1 

1 

1 

2 

5 

10 

2 

2 

2 

3 

3 

12 

1 

1 

3 

3 

4 

12 

1 

1 

2 

2 

6 

12 

1 

1 

1 

3 

6 

12 

1 

1 

3 

5 

5 

15 


Wo 

W1 

W2 

W 3 

W 4 

9 

1 

1 

2 

4 

8 

16 

1 

1 

4 

4 

10 

20 

1 

1 

4 

6 

12 

24 

1 

1 

2 

8 

12 

24 

1 

1 

3 

10 

15 

30 

1 

1 

4 

12 

18 

36 

1 

1 

8 

10 

20 

40 

1 

1 

6 

16 

24 

48 

1 

1 

8 

20 

30 

60 

1 

2 

12 

15 

30 

60 


3. The Gauss-Manin system 

The Gauss-Manin system G of the Laurent polynomial / is a module over 
the ring C[r,r -1 ]. It is defined as in §I.2.c: 


G = n n (U)[T, t” 1 ]/ (d - rdf A)fi"- 1 (17)[T, r- 1 ]. 


Put 9 = r _1 . The Briekorn lattice Go = image(fl”([/)[#] —> G) is a free C[0]- 
module of rank /x because, by Lemma 1.2, / is convenient and nondegenerate 
( loc. tit.). We will consider the increasing filtration G p = t p Gq ( p £ Z). Let 
wo be the n-form on U defined by 


dup 


A---A 


du„ 


V 0 = 


d(n,ur) 


IL 


*=i 


Let !)h« = be a parametrization of 17 as in §l.b. The form wo can be 
written as wo = it— A • • • A The Gauss-Manin system G is then identified 
with the C[r, r _1 ]-module (putting v = (i>i,..., u n )) 


C[u, v 1 ,r, r x ]/ {<Pj)-T(vjd Vj f)(pj \ ipj € C[u, v 1 ,t,t 1 ], j = 1,...., n}. 

It comes equipped with an action of 9 r : if G C[u, let [ip] denote its class 
in G; then d T [ip\ = [—fip\ (this does not depend on the representative of the 
class). Using the coordinate 9, we have 9 2 d$[ip\ = [fi/i]', this action is extended 
in the usual way to Laurent polynomials in r with coefficients like 
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It is convenient to use the coordinates u = (u o,..., u n ). Then the previous 
quotient is written as 

C[w, U -1 , T, T -1 ]/(/„, +C[u,U~ 1 ,T, T _1 ]( 3 (w) - 1)), 

where we have put g(u) = Yli 11 ?' and I w is the C[r, r” 1 ]-submodule of 
C[rt, w _1 , t, t _ 1 ] consisting of the expressions 

n d 

(3.1) y ^mji(ui— - Tw i Ui' S jipj, with ipj e C[u,u _1 ,t,t _ 1 ], (j = l,...,n). 

Consider the sequence ( a(k ), i(k )) of Lemma 2.1, and for each k = 0,..., p, 
put 

Wfc = u a ^u )o € Go, 

Notice that = wo and, using (3.5) below, that fivo = /zu;i. 


Proposition 3.2. — TTie classes of u>o,ui,..., uj^-i form a C[$]-&aszs u; of 
Go- Moreover, they satisfy the equation 


-( t < 9 t + a w {k))u>k — TLOk+i 

[X 

and we have Bernstein’s relation in G: 

n ^ Tdr 

k—0 


(fc = 0, ...,/z-l), 

• W 0 = T M Wq. 


The V-order of cok is equal toa w (k ) and lo induces a C-basis o/©o,gr^(Go/G_i). 


From Theorem 1.4.5, Lemma 1.4.3(3), and the symmetry (1.3), we get 


(3.3) for k = 0,1, 0 ^ a w (k) ^ n and 


o’w(k) = 0 =>■ k = 0 , 

cr w (k) = n => k = n. 


This implies that, for any a € ]0,n[, the length of a maximal subsequence 
a, a + 1,..., a + t of a w (») is ^ n, and even ^ n — 1 if a is an integer. In other 
words: 


Corollary 3.4. — The length of any maximal nonzero integral (resp. non¬ 
integral) constant subsequence of s w (>) is ^ n — 1 (resp. ^ n). 

The proposition also gives a Birklroff normal form for Go: 

9 2 dg(jO = coAq + OloAoo 

with Aq, Aoo as in (1.6). The matrix Aq is nothing but the matrix of multiplica¬ 
tion by / on Gq/OGq in the basis induced by u>. Its eigenvalues are the critical 
values of /, as expected. In the case where n = n+1 (and all Wi equal to 1), 
we find that A^ = diag(0,1,..., n) and Aq is as in (1.6) with size fi = n + 1. 
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Proof of Proposition 3.2. — It will be convenient to select some coordinate, 
say uq. Multiplying (3.1) (applied to tpi = • • • = ip n = ip) on the left by the 
inverse matrix of the matrix formed by the columns of mi,..., m n , one finds 
that, for any ip £ C[u, u _1 , r, r _1 ], we have in G 


(3.5) V* = 1,... ,n {±-Uid Ui - ±u 0 d uo )ipuj 0 = r(uj - u 0 )tpu 0 . 


Applying this to any monomial <p = u a and summing these equalities, we 
get the following relation for j = 0, hence for any j = 0,..., n by a similar 
argument: 


(3.6) 


1 

P 


( rd T + Lj(a))u a coo = Tu a+lj coo, 


where we put Lj(a) = Y^i=o a i ~ pcij/wj. This is nothing but (1.4.12) in the 
present situation. Apply this for a = a(k) and j = i(k) (k = 0,..., p — 1) to get 
the first relation in the lemma (remark that Lj(fc)(a(fc)) = cr w (k)). Bernstein’s 
relation for is then clear. Remark also that u>k is given by 



• w 0 . 


It is not difficult to derive from Bernstein’s relation for loq a Bernstein relation 
for each w*, and conclude that w*, has V-order < cr w (k). [Notice also that, 
as a w (k ) = ^i(fc)(o(/c)) = maxj Lj(a(k)), the order of w*, with respect to the 
Newton filtration is ^ a w (k); this is compatible with Theorem 1.4.5.] 

Let us now show that wo, ..., w M _i generate Go as a C[0]-nrodule. Notice 
that Bernstein’s relation for w 0 implies that <9(fwo G C[0](wo, • ■., c>(f _1 wo} = 
C[0](wo,..., w M _i), and this also holds for <9^w 0 for t ^ p. It is therefore 
enough to show that (f e wo)e^o generate Go over C[0]. Write (3.5) as 


(3.7) 


u a+li u>0 = 


U Wo 


( Oi_ 

\Wi 


«0 \ 
W 0 J 



W 0 . 


The Brieskorn lattice Go is generated over C[0\ by the u qWo with (eN: indeed, 
it is generated by the u a u> o; then, 

- if a.j ^ 1 for some i ^ 1, one decreases aq to 0 with (3.7); 
if a, ^ — 1 for some i ^ 1, one iterates (3.7) wq times and use the relation 
u w u >o = wo to express w b wo (any b) as a sum (with constant coefficients) of 
terms d k UQU b+w ‘wo and of u b+w ' +li , with k,t ^ 0 and w' = (0, w \,..., w n ); 
hence if bi < 0, there exists r such that bi + rwt ^ 0 and one iterates r times 
the previous process to write u b wo with terms 9 k u a , with a.j ^ 1, to reduce to 
the previous case; 
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notice that, in both previous processes, we never decrease the degree in 
u 0 ; now, we are reduced to considering UqQJo with t < 0; use once more the 
relation u kw u b co o = u b co o (for any k ^ 0, any b ) to replace u{\ with u a with 
aO) • • •, a n ^ 0 and apply the first case. 

A similar argument gives the result for the family (f e uJo)e^o- As Go is C[0]-free 
(c/. Remark 1.4.8 and § I.2.c), we conclude that lj is a C[0]-basis of Go- [Instead 
of using Remark 1.4.8, one can directly conclude here that Go is C[0]-free of 
rank p by showing first that uj generates G as a C[r, r^J-module.] 

Remark also that (wo, • • •, / M-1 wo) is another basis, but the differential equa¬ 
tion does not take Birkhoff normal form in such a basis. 

We will now determine the R-filtration. Put u> k = Then u/ is 

another C[r, r“ 1 ]-basis of G. The R-order of ui' k is < cr w {k) — [cr w (k)\ < 1. For 
a G [0,1[, put 

U a G = C[r](i<4 | a w (k) - [cr w (k)] a) + tC[t](w(. | a w (k) - [<r w (k)} > a) 
U <a G = C[t](w^. | <J w (k) - [<J w (k)\ < a) + tC[t](c<4 | a w (k) - [cr w {k)] > a), 

and U a+P G = r p U a G ( resp. U <a+P G = T p U <a G) for any p G Z. We then have 

U a G = C(u' k | a w (k) - [ a w (k )] = a) + U <a G. 

Notice that, according to the formula for u>k, the elements oj' k satisfy 

-~{rd T + a w (k ) - Mfc)]K = r^^+ 1 -^^ k +^co , k+1 
(3.8) M 

_ r rs»R+i)i-rsu,(fc)b / 

— T UJ k+ 1 > 

with |~s] := — [—s]. Recall that the sequence ( s w (k )), hence the sequence 
(rsu,(fc)]), is increasing. If [s w (fc + 1)] > |~s,„(fc)], then 

(rd T + a w (k) - [a w (k)])u) k G U <0 G. 

Otherwise, we have 

["s^(fc)] s w (k) A \&w(k -f-1)] s w {k ~h 1), 


i.e., 

a w (k) - [ a w (k )] ^ a w (k + 1) - [a w (k + 1)], 

and we conclude that U a G is stable under rd T and that rd T +a is nilpotent on 
gr^G. The filtration U.G satisfies then the characterizing properties of R.G, 
hence is equal to it. 
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We may now compute G p (^V a for p £ Z and a £ [0,1 [. Any element of 
G p fl V a decomposes uniquely as Y2k=o Pk{ T )w k , with 

( T p_ [ <T “ (fe) lC[r _1 ] n C[t] if u w (k) - [a w (k)] < a, 

Pu(T) £ < 

|r p -[ <T ’"( fc )]C[ r _ i] fl tC[t] if cr w {k) — [cr w (k)\ > a 

It follows that 

(3.9) G p nv a = 'y ' C • ui'f, + G p n V< a + Gp_i n v a , 

k\a w ( k)—a-\-p 

and therefore gr®gr^G is generated by the classes of to' k with a w {k) = a + p. 
These classes form a basis of gr^ gr^G, as dim® p © aG [o,i[ gr®gr^G = p. This 
gives the last statement of the proposition. □ 


For a £ [0,1[, let to' k be such that |~s w (fc)] — s w (k) — a and denote by [u' k ] 
the class of u' k in H a := gr^G. After (1.5) we have: 


(3.10) - {Td T +a)[J k ] = 

fl 


0 if s w (k + 1) > s w (k), 

k Wk+i\ if S w (k + 1) = s w (k). 


It follows that the primitive elements relative to the nilpotent operator induced 
by (— l/p)(rd T + a) on H a are the elements [wjj.] such that 

k ^ n + 1, |"s w (fc)] — s w (k) = a and s w (k — 1) < s w (k) 


and, if moreover a = 0, the element [wq] = [wo]- 

Therefore, the Jordan blocks of (— l/p)(rd T + a) on H a are in one-to-one 
correspondence with the maximal constant sequences in S v ., and the corre¬ 
sponding sizes are the same. All Jordan blocks, except that of [wo] if a = 0, 
have thus size Sj n, and even ^ n— 1 if a is an integer (cf. Cor. 3.4). Recall also 
(cf. [8, 9]) that H := © ae [o,i[-ffa may be identified with the relative cohomol¬ 
ogy space H n (U, f~ 1 (t)) for |f| » 0, that H a corresponds to the generalized 
eigenspace of the monodromy corresponding to the eigenvalue exp2i7ra, and 
that the unipotent part of the monodromy operator T is equal to exp 2mN 
with N := —{rd T + a). 


Example 3.11. — Take n = 4 and wq = 1, w\ = 2, u >2 = 12, W 3 = 15 and 
W 4 = 30, so that p = 60. Then the only possible a is 0 and N has one Jordan 
block of size 5, 3 blocks of size 3, 13 blocks of size 2 and 20 blocks of size 1. 
On the other hand, if p = n + 1 (and all w t equal to 1), the only possible a is 
0 and N has only one Jordan block (of size n + 1). 
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4. Poincare duality and higher residue pairings 

Consider on C[r, t^ 1 ] the ring involution induced by r h —r. We will 
set p(r) ~ p(— t) (there is no complex conjugation involved here). Given a 
C[t, T _1 ]-module G, we denote by G the C-vector space G equipped with the 
new module structure p(r) • g = p(—r)g. For convenience, we denote by 5 
the elements of G. The C[r, r _1 ]-structure of G is therefore given by the rule: 
p{r)g = p{r)g. 

If G is moreover equipped with a connection, i.e., with a compatible action 
of d Tl then so is G and we have d T ~g := —d T g. Notice that rd T 'g = rd T g. 

Duality for V- modules gives (c/. [9]) the existence of a nondegenerate 
C[r, T -1 ]-bilinear pairing 


S:G <g> G —* C[t, T _1 j 

C [t,t -1 ] 


satisfying the following properties: 

(1 ) dS{9 ^ 9 " ] = Sidrg',7 7 ) + SW.drY) = S{d T g',Y) - S(g',W), 


(equivalently, Td T S(g',g") = S(Td T g',g") + S(g\Td T g")), 

( 2 ) S sends Vo ® V<i in C[r], 

(3) S sends Gp^G^i n 6 n C[6] = r-Tfr 1 ], 

(4) S(g",g') = (—1 ) n S(g',g") (this reflects the (—l)"-symmetry of the 
Poincare duality on U). 


Notice that (1) means that S' is a horizontal section of the C[t, t -1 ]- 
module Homq T T -i](G ® G, C[r, r^ 1 ]) equipped with its natural connection, 
or also that S is a C[r](d T (-linear morphism G —> G*, if one endows 
G* = Homq T , T -i](G,C[r, r' 1 ]) with its natural connection. Therefore, (2) 
follows from (1) because any C[r](d T (-linear morphism is strict with respect 
to the Malgrange-Kashiwara filtrations V and we have 


Vp(G*) = Hom c[T] (y < _^ + 1 G,C[r]) 


(cf. [ 9 ]). 

In the case of singularities, this corresponds to the “higher residue pairings” 
of K. Saito [11]. The link with Poincare duality is explained in [12]. 

For our Laurent polynomial /, we will recover in an elementary way the 
existence of such a pairing S satisfying the previous properties. More precisely, 
we have: 
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Lemma 4.1. — There exists a unique (up to a nonzero constant) nondegener¬ 
ate pairing S satisfying Properties (1), (2), (3). It is given by the formula: 


S(io k ,u}f) 


S(u> 0 ,aj n ) 


0 


J if 0 ^ k ^ n and k +1 = n, 

[or i/n + 1 ^ fc ^ /i- 1 and k + £ = p, + n, 
otherwise. 


Moreover, for any k,£, S{u> k ,iJt) belongs to Cr n and S satisfies (4). 


Proof. — Assume that a pairing S satisfying (1), (2), (3) exists. For k,i = 
0,..., n~ 1) we have S(u> k ,Uf) G t - "C[t -1 ] by (3) and S(uio,uJe) G T -ku>Wlc[r] 
by (2). Therefore, S(u>o,TJ£) ^ 0 implies [<J W {P)\ ^ n, and if [a w (£)\ = n, we 
have S(ivo,uil) G C r~ n . But we know by (3.3) that 




< n if £ ^ n, 
= n if £ = n. 


Therefore, S(u>o,ve) = 0 if £ n and S(uo,u n ) G Cr n . 
Notice also that we have by (1) and Proposition 3.2: 


(4.2)- (rd T + n)S(w fc , uf) 

T 


r of —\ qi -i °a(&) + er w (P) n . — 

= T[S(u>k+ i,we) - b{u k ,Lo t+ i)J H- b{uk,ut), 


if we put as above = u>o- 

Argue now by induction for k < n: as S{u k ,u}l) G Cr~ n , the LHS in (4.2) 
vanishes. This shows that S(u)k+i, Wr) = 0 if f n — k,n — 1 — k. Moreover, if 
£ = n — k, we have a w (k) + a w (£) — n = 0, hence S(u>k+i,a) n -k) = 0. Last, we 
have S(u> k +i,u} n -i-k) = S(u> k ,u n - k ). 

Argue similarly for k Js n + 1. □ 


Notice that, if denotes the adjoint of Aoo with respect to S, then Aoo + 
Aj^ = ?ild, i.e., Aoo — (n/2) Id is skewsymmetric with respect to S. 


5. M. Saito’s solution to the Birkhoff problem 

One step in constructing the Frobenius structure associated to / consists 
in solving Birkhoff’s problem for the Brieskorn lattice Go in the Gauss-Manin 
system G, that is, in finding a C[r]-lattice E of G, which glues with G 0 to a 
trivial vector bundle on P 1 . Recall (cf. [3, App.B] for what follows) that there 
is a one-to-one correspondence between such lattices E which are logarithmic , 
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and decreasing filtrations © a e[o,i[-ffa of H = (B a e[o,i[H a which are stable under 
N and which are opposite to the filtration 

G P {H) := ® (G p n V a )/(G P n V <a ) = C([uj' k } \ [a w {k)\ < p) after (3.9). 

ae[0,l[ 

This is analogous to [12, Th. 3.6]. 

In [12, Lemma 2.8], M. Saito defines a canonical decreasing filtration Hg aito 
in terms of the monoclromy filtration M. of the nilpotent endomorphism 2inN 
of H and of the filtration conjugate to G P (H), the conjugation being taken 
with respect to the real structure on H coming from the identification with 
H n (U, /~ 1 (t))- This defines therefore a canonical solution to Birkhoff’s prob¬ 
lem for Go- 

Consider now the decreasing filtration H’ of H explicitly defined by 
(5.1) H p = C([u' k )\[a w (k)\>p), 

where [] denotes the class in H = © ae ro,i[ V a G/V <ol G. Then H’ is opposite to 
G.(H). It satisfies 

H° = H, H n+l = 0, NH P C H p+1 
and, for k = 0 ,..., /x — 1 and a € [0,1[, 

™t = ifa^O, 

f a ) \ H n+l- P j fa = 0) 

where x means taking the orthogonal with respect to the symmetric bilinear 
form g on H induced by S. If p = n + 1 (and all Wi equal to 1), then H p = 
M n - 2 P (this implies that the mixed Hodge structure on H is “Hodge-Tate”). 


Proposition 5.2. — The filtration H’ is equal to the opposite filtration 
iLg aito - The associated logarithmic lattice is E := C[r](wo, • • •, w M _i). 

Proof. — Let us begin with the second statement. The lattice E introduced in 
the proposition is logarithmic, by Proposition 3.2. A computation analogous 
to that of Gp fl V a shows that the filtration t p E (~l V a /V <a of H a is equal 
to H p . Therefore, E is the logarithmic lattice corresponding to H' by the 
correspondence recalled above. 

For the first statement, put F’(H) = G n -.(H). This is a decreasing filtra¬ 
tion. Consider also the increasing filtration 


W.(H a ) 


M.- n -i(H a ) ifa^O, 
M.- n (Ho) if a = 0, 
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where M.(H) denotes the monodromy filtration of the nilpotent endomorphism 
2inN on H. Recall that W.(H) is defined over R (even over Q) as 2inN is so. 
Then the opposite filtration given by M. Saito is 

tfsaito = E F 9 nW W-(tf)’ 

9 

where E denotes the conjugate of the subspace E of H with respect to the 
complex conjugation coming from the identification 

H ^ H n (U, C) = C <X>r H n {U, 

We therefore need to give a description of the conjugation in term of the basis 

Kl- 

Let fc 0 be such that [u^J is a primitive element with respect to N, and denote 
by v ko its weight. Then = 0. For j = 0,.. v ko , put k = k 0 + j. 

Then [u >[.] = (ifV )- 5 [u}' ko ] has order v ko + 1 — j with respect to N, and weight 
v k '■= v ko — 2j. Moreover, we have a w (k) = cr w (k o) + j, as j i—> s w (ko + j) is 
constant. The space B ko := (W [w(, o ] \j = 0,..., v ko ) is a Jordan block of N. 

Assume that ko n + 1. Then [<-c^ +n _ fc J is primitive with respect to W, 
hence [io' /Jj+n _ ko _ Uk ] is primitive with respect to N. It will be convenient to 
put k 0 = ii + n — ko — Vko and, for k = k 0 +j with j = 0,..., v ko , k = ko+j- We 
therefore have k = fi + n — k — v k . Notice that, for such a k, we have s w (k) = 
s w (ko) — fi — s w (ko) = p — s w (k). We also have a w (p + n — k) — v k = a w (k) if 
k ^ n + 1. 

For k £ [0, n], we simply put k = k. 

The proof of the following lemma will be given in § 6 . 


Lemma 5.3. — For ko ^ n + 1, the conjugate of the Jordan block B ko is the 
Jordan block B, and Bq is self-conjugate. 


It follows from this lemma that, for k as above, we have 


fco+"o 

(5.4) K] = E 

e=k 

with a k ^ 0 . 

Let us now end the proof of Proposition 5.2. We have 


F q C\W n+q - p = G n _ g nM 9 _ p (_ 1 ) = ([w k \ | [cr w (k)] < n-q and v k < q-p(-l)), 
where (—1) is added if cr w {k) ^ Z and not added otherwise. Therefore, 

E F<1 n W n+q - p = ([Wfe] | [a w (k)] + v k < n - p(-1 )). 
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Remark now that, if k ^ n + 1, 

[cr w (k)} + Vk < n-p(-1 ) [n - cr w (p + n - k)] + u k < n-p(-l) 

«=>■ \cr w ((i + n-k - u fc )] ^ p(+l) 

«=>■ [<7u,(p + n - k - v k )\ ^ p 
<=>■ [cr«.(fc)] > p. 

Arguing similarly for k ^ n, we conclude from Lemma 5.3 and (5.1) that 
y ^F q n W n+q - p = ([w(,] | [a w (k)] + v k < n - p(-1)) 

(5.5) 9 =K]IMfc)]^> 

= H p . 


Notice that (5.5) follows from (5.4), as cr„, is increasing on each . □ 


6 . Some topology of / and proof of Lemma 5.3 

6 .a. Lefschetz thimbles. — Denote by A the subset (R!j _) n+1 fl U C U, 
defined by u, > 0 for i = 0,..., n. The restriction /a of / to A takes 
values in [p, +oo[ and has only one critical point (which is a Morse critical 
point of index 0), namely (1,..., 1), with critical value equal to p. Notice also 
that f\A is proper. Therefore, A is a Lefschetz thimble for / with respect to 
the critical point (1,..., 1). Other Lefschetz thimbles at <^(1,..., 1) are 
(f = 0 ,..., p — 1 ). 

Fix r ^ 0. The morphisms 

H n {U , Re rf > C"; Q) —> H n (U, , Re rf > C ; Q) 

for C' > C are isomorphisms if C is big enough. We denote by H n (U , R erf 0) 
the limit of this inverse system. This is the germ at r of a local system TL of 
rank p on C* = (r / 0}. Notice that A defines a nonzero element of the germ 
H t at any r with Rer > 0, i.e., a section A(r) of TL on {Rer > 0}. Therefore, 
it defines in a unique way a multivalued section of TL on C*. 

Let £ > 0 be small enough. As / is a C°° fibration over the open 
set C \ {p<^ | = 0,..., p - 1}, it is possible to find a basis of sections 
Ao(t), ..., A m _i(t) of TL on the open set 

S = {r=\r\e^ e \0€]e-l,e[} 

in such a way that, for any i G { 0 ,..., p— 1 } and |r| > 0 , we have Ae(£~ e |r|) = 
C^A. Of course, this basis extends as a basis of multivalued sections of TL on C*. 
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The domain S 


6 .b. Integrals along Lefschetz thimbles. — Let ?y G G and let ?y be a 

representative of rj in fl n (/7)[r, r -1 ]. Then the function 


S 9 T 


I A^(r 


— T f ~ 

e J rj 


only depends on ?y and is holomorphic on S. It is denoted by <^ j? 7 (t). Moreover, 
we have 


dtpe,ri(T) 
d t 

It follows that, if ?y G V a G , then 


l Pe,dTv( T )- 


( 6 . 1 ) ipe, v (T) = t “ 


m v 

£< 

m —0 


(-wiog’-r 




m! 


+ 0 ( 1 ) 


'[Vv( T ) + 0 ( 1 )]. 


where r“ Q = |r| _a e _2l7ra61 , ^ logr = (^ log |r|) + 0, with 9 G ]e — l,e[ and 
G C. The coefficients c^ only depend on the class [rj] of ry in gr)(G, so 
we will denote them by Cr”(^, and we have 

16 21 r (m) - c (0) 

1 U ' Z ' %]/ ~ C (2iirN) m [ri],C 

We will now characterize the Jordan blocks Bk 0 in H a . Such a Jordan block 
is characterized by the constant value s of s w (»), so that it will be convenient 
to denote such a block by B QjS . 


Lemma 6.3. — For \rj\ G H a , we have [r y] G B a>s if and only if, for any 
t = 0 ,..., /a — 1 and any j ^ 0 , we have 

JO) _ (-is ST' (0) (-t//l) m 

C (2inN)0[rj\,i ~ (2i7rAp+ m [j)],0 | 




GAUSS-MANIN SYSTEMS AND FROBENIUS STRUCTURES (II) 


IT 


Proof. — For 77 = u> k , denote ^ by . Then we have 


u k,e 


(6.4) 


e~ Tf u k = T ~ a ^ 


> A^(r 


frn k ) ( 2z7r lQ g T ) 


-fc,< 


TOfc! 


+ ••• + 4 °] 


where m*, + 1 denotes the order of [w*,] in gr^ ^G with respect to 2m N. 


Remark now that, as u) k = u a ^u>o and |a(fc)| = k, we have 

[ e-TVl^ fc = C w /e "-w fc . 

J A 




^ARC-‘|r|) 
Hence, we get 


I C e A 




(-5EFlog|r|+W 


m fc ! 


H-he 


(0) 


= c 


£s w (k ) 


o( m fc) 

-'fc.O 


(-2^ l0 Sl 


m fc ! 


+ • • • + c, 


and in particular 


(6.5) 



^£s w ( k ) 


(~I/aO™ (to) 

' m ! M 


Therefore, any element [ 77 ] in B a>s satisfies the equality of Lemma 6.3 for j = 0, 
hence for any j. 

Conversely, remark first that, if [ 77 ] is fixed, then the equality of Lemma 6.3 
for any j ^ 0 is equivalent to 


V’m.ZC 1 M) = C* s V’[r ) ],o(M), 


where 7 'p[ v ] t e is defined by (6.1) (two polynomials are equal iff all the correspond¬ 
ing derivatives at 0 are equal). 

Write [77] = ]CA fc [o 4 ] in H a , denote mf, = max fc | \ k ^ 0 m. k and put 
K[ v ] = {k | m k = mh,}. Notice that, for k,k' € K[ri]i we have s w (k) ^ s w (k'). 

If m' [rj] > m [v] , we have J2keK M C* s ” (fc) A fc 4™ fe) = 0 for any i = 0,..., fj, - 1. 

It follows that Afccj^o^ = 0, hence \ k = 0, for any k G K[ rl ] , a contradiction. 
Therefore ml, = m^j. Argue similarly to show that is reduced to one 
element, denoted by A.'r r j, and that ■s, A ,(fc[ r( i) = s. Apply the lemma by induction 
on m W] to [77'] = [77] - A fcM K J. □ 


6.c. Isomorphism between nearby cycles. — The multivalued cycles 
A^(t) form a basis of the space of multivalued global sections of H, that we 
denote by ip T ?i. This basis defines the integral (hence the real) structure on 
i> T H. 
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Denote by M O J) the space of linear combinations with meromorphic coeffi¬ 
cients of germs at r = 0 of the multivalued functions e a , q = r“(— 57 ^ log r) q /q\ 
(q ^ p). For p large enough (here p ^ n + 1 is enough), the map 


p:V a G—>V 0 (G®Ar a , p ) 

v 

771—> y^[ 2 i 7 r(rc) T + a)Y 77 0 e a j 
j=o 

induces an isomorphism 

gi'a G Ker [rd r : grj' (G 0 7V Q>P ) —► gr^(G 0 A/" Q> p)] • 

As G is regular at r = 0 , there exists a perturbation 771—> 7^(77) G V’<o(G 0 A r a ,p) 
such that 97(77) + 7/7(77) G Ker [t<9 t : G 0 Af a ,p —> G 0 A/" a , p ]. 

Recall (see, e.g., [7]) that Ker \rd T : G<g>J\f a ,p —> G 0 jV a ,p] is identified with 
H a . Set A f = ®a 6 [o,i[A/’ Q , n +n Given a section A of H = Ker [rd T : G 0 Af —> 
G®jV] and a section S of t/vW, choose a representative A of A in tt n (U) 0 c A/”. 
Then L e~ T ^X G C. Then (see Appendix) A belongs to Hq if and only if, for 
any t = 0 ,..., 71 and some nonzero r, we have 

(6.6) [ e~ Tf X G Q. 

J A ( (r) 

For 77 G V/,G and A = 93(77) + 7/7(77), and using ( 6 . 1 ), one finds 

[ e~ Tf ip(p) = 4°] + o(l). 

As a consequence, the conjugate [77] of [77] satisfies 

„(o) = joT 
MA 

It follows now from Lemma 6.3 that 

—— (Ri_ q>m _ s if a G ] 0 , 1 [, 

*3<y.,s — \ 

(S 0 ,p- 5 if a = 0. 

As s w (ko) — p — s w (ko), this ends the proof of Lemma 5 . 3 . □ 


Appendix 

In this appendix, we explain with some details why the real structure on H 
as defined by ( 6 . 6 ) is indeed the real structure used in [ 8 ] to define the Hodge 
structure on H. We will need to recall some notation and results of [ 8 ]. 

We will denote by U a smooth quasi-projective variety and by / : U —> A 1 a 
regular function on U. We denote by t the coordinate on the affine line A 1 . We 
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also fix an embedding k : U c —+ X into a smooth projective variety such that 
there exists an algebraic map F : X —■> P 1 extending /. We have a commutative 
diagram, where the right part is Cartesian, thus defining X as a fibred product, 


K 



Denote by £ : P 1 —> P 1 the real blow-up of P 1 centered at oo (P 1 is diffeo- 
nrorphic to a closed disc) and by F : X —> P 1 the fibre-product of F with the 
blowing-up e. Denote by k the inclusion U X. 

Denote by .S' 1 the inverse image of oo by the blowing-up e. Let A 1 be an affine 
line with coordinate r. Denote by L' + the closed set of S 1 x A 1 C P 1 x A 1 defined 
by Re(e l£ V) ^ 0, with 9 = arg t and where t is the coordinate on A 1 = P 1 \{oo}, 
and set L~ = P 1 x A 1 \ L' + . For r ^ 0, denote by L' r + , L~ C P 1 the fibre of 
L ' + , L~ over r. 



Affine line A 1 with coordinate r 
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Denote similarly by L'~ , L~ C X x A 1 ( resp. L'X ,L~ C X) the inverse 

image of the corresponding sets by F x Id Xl (resp. by F). 

We denote by a : A 1 x A 1 A~ and (3 : L~ > P 1 x A 1 (resp. a T : A 1 L~ 
and /3 t : L~ P 1 ) the inclusions, and by the same letters the corresponding 
inclusions 

a : X x A 1 —> A~ and (3 : A~ 1 —> X x A 1 , 

resp. 

a T : X c —> A- and f3 T : A~ 11 —> X. 

x,t r X,T 

Therefore we have (3 T o a T o j =k. 

In [8, (1.8)], we have defined the Fourier transform : S F (Rj*Cu) as the fol¬ 
lowing complex on X x A 1 (there is a shift by 1 in loc. cit., that we do not 
introduce here): 

$ F (Rj*Cu) := ife* (3\ Ra * Rj„ C [7x ^ l , 

where we still denote by j (resp. k) the inclusion U x A 1 ^ I x A 1 (resp. [/ x 
A 1 > X x A 1 ). This complex has a natural Q-structure (replace C u with 
Q u). This induces a Q-structure on the nearby cycle complex ip T $ F (Rj*Cu) = 
ipT$F(Rj*Qu) ®Q C. 

Denote by £~ T * the algebraic F > Ux ^.-module C\ x "^.e.~ T * (Aethe j- 
rnodule j with connection e 7 "-^ odo e~ T ^). The quasi-isomorphism 

(A.l) DR| n xXl (« + A-^) XX, U_f(Rj*C[/) 

constructed in [8, Th. 2.2] is then used to define the Q-structure on the complex 
(of sheaves on X) ip T DR-fW, (n + £~ T f) [on the other hand one uses the Id- 
filtration relative to r = 0 on n + £~ T f to construct the Hodge filtration on this 
complex]. By DR we mean the usual de Rham complex, starting in degree 0. 

Denote by O fi] 1 the sheaf of multivalued holomorphic functions on A 1 \ {0}. 
Then 

VvDR| n xXl ( K+ £-^) = i~l 0 DR~ n xXl (K + £~ T f Off), 

where p : X x A 1 —> A 1 denotes the projection and i T -o : X x {0} X x A 1 
denotes the inclusion (see, e.g., [7, (4.9.4)]). We are interested in analyzing 
the Q-structure on the cohomology of RT(X, ip T DR~ n xXl (k + £~ t ^)) . Use C°° 
forms on X to identify it with 

r(x,i;i 0 r Xxll ( K+ £- Tf ®p- 10il n op), 
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with n = dirnX. Similarly, denote by Cji the sheaf of multivalued local sec¬ 
tions of Cji (ie., local sections on the universal covering of A 1 \ {0}). Then 
ip T $ F (Rj*Cu) is equal to ifl 0 (^F(Rj*Cu) 0p^ 1 Cj 1 ). 

In order to know that the cohomology class of a closed multivalued section 
of P*£% x 2 i( K +£ T f C*- 3 ) rational, one has to compute its image 

in Rp*$p(Rj*Cu) 0 C^i and decide whether its class is rational or not. As 
the section is closed, it is enough to verify this after restricting to some (or 
any) r/0. Therefore, we need to compute the map (A.l) after restricting to 
some fixed nonzero r. In (6.6), we apply this computation to the multivalued 
form e~ T ^\. 

Denote by the sheaf of C°° functions (in the sense of Whitney) on X, by 
£~“ od the sheaf on X of C°° functions on U which have moderate growth along 
X \ U, and by £y° d ’ _T the subsheaf of functions which moreover are infinitely 
flat along i'A . 

On the other hand, denote by C’ r f l+ L , + the complex of sheaves on X, 

X,t’ X,T 

consisting of germs on X of relative singular cochains (ie., germs of singular 
cochains in U U I/~“ with boundary in ). 

By the de Rharn theorem, the integration of forms induces a quasi¬ 
isomorphism of complexes f : £f —> C\j 0z C; moreover, the natural morphism 
fiT*- —> (a T o j)*£f, is a quasi-isomorphism, so the integration morphism 

/ : £2) od ’* — > (a T o j)*Cu 0z C, which is obtained by composing both 
morphisms, is a quasi-isomorphism. 

Similarly, we have a commutative diagram 



Hence we get: 


Proposition A.2 (A variant of the de Rham theorem) 

Both complexes C * , + /+ 0z C and £^ od ’~ T ’’ are quasi-isomorphic to 

(-'U.L- ,L~ X 

X ,T X ,T 

(3 T jRa Tt *Rj*Cu- Moreover, the integration of forms induces a natural quasi¬ 
isomorphism of complexes 




□ 
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Now, given a section of £]” od ’* ®j+£ , i.e., a section of £/” od ’’ multiplied 

by e~ T f, it is also a section of £b lod ’~ T, * ) and its image by (A.l) is nothing but 
its integral, according to the previous commutative diagram. 
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